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Finite-time performance of a cyclic two-dimensional quantum Ising heat engine
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We discuss the limit cycle regime of a finite-time quantum Otto cycle with a frictionless two-dimensional
anisotropic Ising model as the working fluid. From Onsager’s exact equilibrium solution, we first find optimal
parameters for the operational modes of work extraction and cooling for infinitely slow cycles. The equilibrium
points in these optimal cycles correspond to different phases of the model, such that the nonequilibrium dynamics
during the cycle bypasses the phase transition. Finite-time cycles allow for finite power extraction or cooling
currents, but for such cycles, we point out that—already within the regime of weak system-reservoir coupling—
energetic changes of the system during dissipative strokes may contain a significant portion of coupling and
decoupling control work and should thus not be directly identified with heat. For ultrafast cycles, the required
control work spoils performance, such that to maximize work extraction or cooling heat per cycle time, there is
an optimal cycle duration. We also find that net-zero-energy transitions may lead to undesired reservoir heating.
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I. INTRODUCTION

Quantum thermodynamics promises interesting applica-
tions at the nanoscale [1,2]. While quantum thermodynamic
devices are subject to the same Carnot bounds as classi-
cal ones, collective quantum effects could still be used to
enhance the performance of quantum heat engines [3-11].
Additionally, from a foundational perspective, the study of
such devices has triggered the transfer of fundamental clas-
sical notions of work and heat into the quantum domain [12].

We can roughly distinguish three classes of quantum heat
engines. First, in continuously operating engines [13], the
working fluid is simultaneously and at all times coupled to
multiple reservoirs maintained at different thermal equilib-
rium states. In the absence of chemical potentials, one then
needs at least three reservoirs to perform useful functions
like, e.g., steady-state cooling of the coldest reservoir [14].
Second, one may also consider heat engines that are coupled
to (typically two) reservoirs and simultaneously subject to
external driving [15-20]. The coexistence of dissipative and
driven dynamics makes the proper calculation of heat currents
and work extraction statistics rather challenging. The analysis
becomes much simpler in the third class of finite-stroke en-
gines [21,22], where, analogous to classical thermodynamic
cycles, the working fluid is alternatingly subject to unitary
strokes, during which it evolves unitarily without heat ex-
change, and dissipative strokes, during which it is coupled
to a thermal reservoir. Ideally, the cycle picture would allow
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for a straightforward classification of the system’s energetic
changes as work and heat, respectively, and thus simplify the
performance assessment.

Therefore, for interacting spin systems that are challenging
on their own, one often focuses on the class of finite-stroke
engines, for which many interacting quantum working flu-
ids have already been analyzed. One may object that the
actual demonstration of work extraction in this class typi-
cally requires a flywheel analog that is energetically charged
during the operation [23-26], but also other operational
modes, e.g., of refrigeration by investing work can be consid-
ered. Very often, one considers the infinitely slow regime of
quantum-adiabatic unitary transformations and infinitely long
dissipative strokes. While important for qualitative analysis,
this limit is practically not so relevant as the power (work per
cycle time) and cooling power (cooling heat per cycle time)
vanish for infinite cycle times. Therefore, researchers have
attempted to discuss finite-time cyclic operations with various
quantum working fluids [7,21,27,28]. Working fluids with a
phase transition are particularly interesting in this respect,
as they promise near Carnot efficiency at finite power [29].
For quantum-critical working fluids, the closure of the energy
gap during the unitary strokes has been identified as an ob-
stacle to fast and quantum adiabatic cycle operation [30,31],
but also remedies like, e.g., shortcuts to adiabaticity [32-35]
have been proposed. However, finite-stroke quantum heat en-
gines need not be operated quantum-adiabatically. To realize
a stroke without heat transfer, any unitary closed evolution
of the quantum working fluid is formally sufficient. In partic-
ular, working fluids driven by a Hamiltonian that commutes
with itself at different times [6,36—38] will not suffer from
a rotation of eigenvectors, which allows for an intrinsically
frictionless evolution: States that are initially diagonal in the
system energy eigenbasis will remain constant independent
of the driving speed, such that the unitary strokes can be
reduced to instantaneous quenches without altering the cycle
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performance. Consequently, for such models, the dissipative
strokes limit the cycle time. For these, however, the effect of
the reservoir can no longer be described by Fermi golden rule
rates in the fast cycle regime, and non-Markovian effects have
to be taken into account [39—42]. For example, for extremely
short coupling times, the quantum Zeno effect [43] may freeze
relaxation processes, and it has been argued that it may even-
tually limit the cycle efficiency [37,42,44].

So far, these extreme scenarios have been investigated for
noninteracting simpler systems, that, however, have met ex-
perimental implementations on several platforms [45-53]. In
the present contribution, we aim to study these effects in an in-
teracting spin system and analyze a finite-time quantum Otto
cycle with a two-dimensional quantum Ising model subject to
a frictionless drive. We start by reviewing the quantum Otto
cycle in Sec. II and discuss the associated finite-time transition
rates as well as required definitions for heat and work. To
gain some intuition, we first consider a two-level system as a
working fluid example in Sec. III, for which we obtain mostly
analytic results, also in the limit cycle regime. Afterward, we
discuss our results for the anisotropic Ising model in Sec. IV
before concluding. Technical derivations can be found in the
Appendixes.

II. FINITE-TIME QUANTUM OTTO CYCLE

A. Quantum Otto cycle

In the classical Otto cycle, one has two isentropic strokes
(only work) and two isochoric ones (only heat exchange). A
quantum analog cycle that (at least in principle) allows for a
similarly simple distinction between work and heat is known
as a quantum Otto cycle [54]. It is composed of four strokes
(see Fig. 1 for an illustration):

A — B During this isentropic stroke, the working fluid
only evolves under the time-dependent Hamiltonian Hs(t)
such that Hg(t4) = Hg and Hs(13) = Hsh. Accordingly, its en-
tropy remains constant, its energetic changes are interpreted
as work, and the reservoirs need not be explicitly modeled.

B — C During this dissipative stroke (the analog of the
isochoric stroke in the classical Otto cycle), the working fluid
is subject to the constant system Hamiltonian HY and also to
the coupling H]' to the hot reservoir Hj. Energetic changes of
the working fluid are typically interpreted as heat.

C — D This isentropic stroke is analogous to the stroke
A — B, except that the transform is reversed, i.e., Hs(f¢) =
Hf and Hg(tp) = H§

D — A The cycle is closed by this dissipative stroke, during
which the working fluid is subject to the constant system
Hamiltonian H¢ and the coupling H; to the cold reservoir Hy.

After completion of one cycle, it is restarted with the stroke
A — B. At any time, the total Hamiltonian of the model uni-
verse is thus comprised of

H(t) = Hs(t) + Hy + Hy + Hf (1) + H/'(t), (1)

where, during every stroke of one cycle, different parts of the
Hamiltonian are active.

For the heat engine operational mode, it is desirable to
maximize the work extracted during one cycle AW, which
is, by our conventions, positive when work is performed by
the working fluid. For a closed cycle, energy conservation
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FIG. 1. Sketch of a quantum Otto cycle in the plane of the
working fluid quench parameter @ and the von-Neumann entropy of
the working fluid, cyclically operated viaA - B — C — D — A.
The Hamiltonian is constant while coupled to the cold (D — A,
blue) or to the hot (B — C, red) reservoir. During the isentropic
strokes (green), the system is subject to a time-dependent system
Hamiltonian but decoupled from both reservoirs. Bold arrows ex-
emplarily sketch the flow of energy into (inward-pointing) or out of
(outward-pointing) the working fluid for work extraction: Positive
heat from the hot reservoir increases the working fluid energy (red
arrow), whereas the energy balance with the cold reservoir is negative
(blue arrow). Ideally, the difference in the heat contributions (length
of red and blue arrows) is available for the net extraction of work
(length of green arrows). For the refrigerator operational mode, the
heat and work flows need to be inverted.

dictates that AW = AQ;, + AQ,, where AQy/. denotes the
heat entering the working fluid (i.e., positive when increasing
its energy) during the respective dissipative strokes. Thus,
when we interpret all system energetic changes during the
dissipative strokes as the corresponding negative changes in
the reservoir (i.e., as heat), this allows us to estimate the
extracted work from the difference in system energies:

AWsys = —(Eg — Ex) — (Ep — Ec). @

For the refrigerator operational mode, one would like to maxi-
mize the heat leaving the cold reservoir, which under the same
identification is estimated by the energy inflow into the system
during that stroke:

AQc,sys =Ey — Ep. (3)

These quantities can, e.g., be used to define the efficiency
for the heat engine operational mode n = ﬁ—g/@(AW) <1 -

B — pc, and the coefficient of performance for the refrig-

ﬁC
erator operational mode « = %@(AQC) < ﬂ"i—’ﬂ/ = KCq,

which are both bound by their respective Carnot limits. Analo-
gous relations would hold for the heat pump operational mode
aiming at heating the hot reservoir, which we will not discuss
here.

B. Finite-time transition rates

Very often, Fermi golden rule (FGR) rates are used to
model relaxation processes. In their derivation, one assumes
that the reservoir and system are coupled for an infinitely long
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time. For example, when the system is coupled to reservoir
v that is composed of a continuum of two-level systems held
at thermal equilibrium with inverse temperature §,, the rate
for the system undergoing an energy change of 42 can in the
FGR limit (see Appendix B) be expressed as

Rv,FGR — M (4)

& ef 41’

where the reservoir spectral function I',(w) > 0 is analyti-
cally continued to the real axis via I',(w) = I',(—w). For this
paper, we will use a Lorentzian representation

r,s2

I(w) = m,

&)
where, for simplicity, we constrain ourselves to symmetric
coupling strengths I', = I" and widths §, = § for both reser-
voirs. The FGR rates above obey detailed balance R‘ngR =

eﬁvQRigGR, such that relaxation processes favor low-energy
states and the stationary state is the thermal equilibrium state
of the system at inverse temperature 3,.

For very short stroke durations, one cannot expect the FGR
treatment to apply. Rather, second-order perturbation theory
allows us to derive effective rates that are coarse-grained
over the stroke duration t [55]. While by construction, the
coarse-grained rates only yield trustworthy results at the end
of the stroke, the rate-equation representation allows us to
apply standard trajectory techniques (see Appendix D) also
to non-Markovian settings. Specifically, the rate for an energy
change Q2 observed in the system is then (see Appendix B)

M t . (-t
LT
Rg _/eﬂ.,w 157 sinc [ 5 :|da), (6)

where sinc(x) = sin(x)/x. These coarse-grained rates do in
general not obey detailed balance but fall back to the FGR
rates (4) when T — oo. Furthermore, in the wideband limit
(6, = o0, ie., I'y(w) = T',), the coarse-grained rates still
favor energetically lower states at all 7. In the limit T — 0
(and supposing finite &, ), all rates will vanish,such that for
repeated short couplings to a reservoir, the system will not
undergo any transitions anymore. The repeated coupling with
an uncorrelated reservoir is analogous to repeated measure-
ments, such that this inhibition of transitions by fast repeated
couplings can be seen as a manifestation of the quantum Zeno
effect [43,56,57]. That rates vanish for small T also means that
cycles can be expected to become dysfunctional when driven
too fast, but note that spectral functions with more structure
than (5) can be exploited to enhance cycle performance for
finite t via the anti-Zeno effect [37,58].

When the system suffers a transition with energy change
2, the corresponding average energy change in the reservoir
v is (see Appendix B)

o) Lsine?[ 2 |dw

AES‘;’T == RVT
Q

(7

From this, it follows that in general AES" # —, i.e., for
finite stroke durations, there will be a mismatch between
system and reservoir energy changes. This mismatch is in-
vested in the control work used for coupling and decoupling
to the reservoir [59] and should enter the thermodynamic

discussion of finite-time cycles, see below. For infinitely slow
cycles, we find that lim,_, o, AES" = —Q. In the particular
case of energy-preserving system transitions (€2 = 0), one
finds from integral transformations that Ry " AE;"" > 0, which
means that these transitions will only induce indiscriminate
reservoir heating, detrimental for cycle performance. A sim-
ilar statement is found for sequential transitions of opposite
energetic changes, where one formally finds R':AEV +
R"$AE"S > 0. This means that these processes will, on av-
erage, also just induce heating of the reservoir without net en-
ergy change of the system and should be detrimental to cycle
performance.

C. Finite-time definitions of heat and work

As exposed above, for finite contact times 7, the change
of the cold and hot reservoir energies AES",, and AE)” -
is not just the negative of the system energy changes—even
in the weak-coupling regime. We therefore define the control
work required for coupling and decoupling the reservoirs as

the difference
—AW} = AE},_ ,+Ey—Ep+ AEj_ - +Ec — Eg, (8)

such that the net work extracted from the cycle is

_AWnTet =-A cil - AVvsys
- A", + ABY. ©

which requires us to calculate the reservoir energetic changes.
Also, the net heat extracted from the cold reservoir is given
by the corresponding energy change of the reservoir, e.g., for
cooling

AQT = —AEST,. (10)

To evaluate these contributions, let us highlight two crucial
assumptions:

First, we assume that the evolution is frictionless as far as
the working fluid is concerned

[Hs(t), Hs(t)] = 0, (1)

which implies that during the isentropic strokes, the time
evolution operator for the system can be written without time-
ordering

tg/D

USA/C—>B/D — exp {—i Hs(;’)d;’}, (12)

ta/c

and that there is a time-independent energy eigenbasis diago-
nalizing the system Hamiltonian Hs(t) = ) E,(1)|a)(al.
Second, we assume the system density matrix to be diago-
nal (though not necessarily thermal) in the time-independent
energy eigenbasis of Hg(t) at all points A, B, C, and D,
which, beyond an FGR treatment, is not a trivial simplifi-
cation. The above time evolution operator already implies
that diagonal density matrices at points A and C will also
remain diagonal at points B and D, respectively. In Ap-
pendix B 1, we detail that under locality assumptions on
the system-reservoir couplings, diagonality of the density
matrix in the system energy eigenbasis is also maintained
during the dissipative strokes D — A and B — C. There-
fore, this assumption can be fulfilled by initializing the cycle
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in a diagonal state, e.g., by using a sufficiently long pre-
equilibration with the cold reservoir before starting the cyclic
operations.

Alternatively, one may also imagine that further dephasing
reservoirs (whose energy balance is not part of our analysis)
active during the dissipative strokes may erase the coherences
without changing the system’s populations.

Under these assumptions, the system state will not suffer
any change during the isentropic strokes. Thus, it is advisable
to perform these strokes infinitely fast, and the remaining
bottleneck to power extraction or cooling power is posed by
the dissipative stroke durations.

III. TWO-LEVEL SYSTEM

As an example, we study a two-level system [22]

Hg(t) = &O’z

, (13)
where o(t) = w, during D — A and w(t) = w;, during B —
C. The coupling to the reservoirs can be described by Hy =
o* ® B°(t) and H,h = o* ® B"(t), where the reservoir cou-
pling operators B(t) and B"(¢) are only nonvanishing during
the dissipative cold (D — A) and hot (B — C) strokes of
the cycle, respectively. Within a Fermi golden rule (FGR)
treatment, their explicit form will determine the transition
rates between ground state g and excited state e. For reser-
voirs v € {c, h} we consider the Glauber rates (4) evaluated at
energy difference Q2 € +w, and also symmetrically coupled
wideband reservoirs I',(w) =T, i.e.,

R’ — Rif)GRv R’

g—e e—>g

_ pWEGR _ _+B.wy pv
=R>," =e Rg_w.

(14)

For simplicity, we also choose the stroke duration for both
dissipative strokes equal and denote it by t, such that the
total cycle duration is 2t. This allows for a mostly analytic
treatment that we expose in Appendix A.

When within the FGR treatment, the dissipative strokes last
infinitely long, such that thermalization is perfect, the work
extracted from one cycle (2) and the heat absorbed from the
cold reservoir (3), respectively, can be computed as (see also
Appendix A 1)

AWFOSR = w |:tanh <ﬂ62wc> — tanh <'thwh >i| ,

@e |:tanh <'Bhwh> — tanh (@)} (15)
2 2 2

This limit is useful to find conditions under which work
extraction (AW > 0) or cooling functionality (AQ, > 0) is
possible in principle and even optimal.

Still within an FGR treatment, equilibration with the reser-
voir will not be perfect for finite cycle times, and a smaller
limit cycle will emerge. One may analytically solve the
dynamical equations for the limit cycle and finite stroke
durations (see Appendix A2), and we then find with FGR
rates that the extracted work (2) and cooling heat (3) are
simply reduced by a common factor (see Appendix A3 and
Ref. [36] for a generalization beyond frictionless working

AQCk6r
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FIG. 2. Engine performance per cycle time versus different
stroke durations. Blue curves result from a naive Fermi golden
rule treatment also for finite-time cycles. Black curves include the
finite stroke durations but only consider the energetic balances of
the system and neglect the contribution from control work. Red
symbols include the cost of control. (Top) Extracted power for
Brw, = 1.05612 and B,w;, = 1.86384. (Bottom) Cooling current for
Brw, = 0.426156 and B,w, = 10. Other parameters (for both plots)
B. =3B, and B,I" = 0.01. For the FGR curves, we also show the
mean and standard deviation obtained from 10° trajectories (blue
symbols).

fluids)

. o I't
AWFGR = AWFGR tanh 7 5

I't
AQ;FGR = AQ?}GR tanh (7) (16)

This would formally imply that the extracted power
AWrgr/(27) and cooling current AQ( pgr/(27) would be-
come maximal for very fast cycles T — 0; compare the blue
curves in Fig. 2. There, we plot the power (top panel) and
the cooling current (lower panel) versus the stroke duration
for parameters that are optimal for the respective purpose in
the infinitely slow limit, i.e., that maximize (15) for the fixed
temperature ratio of S, = 3. Trajectory simulations (blue
symbols with error bars) confirm this picture but also show
that the performance of single systems is quite noisy.
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One may be tempted to assess the engine performance
using the traditional definitions of work (2) and heat (3),
but with the coarse-grained rates (6) instead, compare the
black curves in Fig. 2 and also Appendix A 4. This treatment
would correctly reproduce the system dynamics (at least in the
weak-coupling regime), but neglects the control work spent
for the cycle operation. For cooling, this leads to the artifact
that the apparent cooling current is above the FGR results
(Fig. 2, lower panel) at short strokes. This increase, however,
is just control work spent to increase the energy of the system
and therefore does not contribute to the cooling of the cold
reservoir.

By considering coarse-grained rates (6) for the system and
the associated average energetic changes in the reservoir (7)
one can address the net extracted work (9) and the net cooling
heat (10), compare the red symbols in Fig. 2. The drastic
difference between black curves and red symbols shows that
the system energy changes are not sufficient to judge cycle
efficiency: Not only do very fast cycles become dysfunctional,
but also the performance of very slow cycles is reduced in
comparison to the FGR limit as successive energy-preserving
transitions (e.g., excitation-de-excitation processes) will lead
to reservoir heating. In the plots, we see that for the net (cool-
ing) power, there is an optimal stroke duration of I't =~ 2,
which leads to a significant reduction of the maximum ex-
tractable power and cooling current in comparison to the FGR
treatment.

IV. ANISOTROPIC 2D ISING MODEL

The anisotropic 2D classical Ising model
Hy(t) = —J(1) Y oji07,, ;— L)Y ofof . (7)
ij ij

has an exact equilibrium solution due to Onsager [60]. It
predicts an order-disorder phase transition at

sinh(2B1J;|) sinh(2B|J,|) = 1, (18)

with the disordered phase at the center BJ,/, ~ 0 (correspond-
ing, e.g., to random spin orientations at high temperatures)
and ordered phases in the quadrants (homogeneous domains,
domains with vertical stripes, checkerboard domains, and hor-
izontal stripe domains, respectively, as indicated in the inset
of Fig. 3). At the phase transition, the correlation lengths
diverge with the Ising critical exponent v = 1, but will for
the anisotropic model in general depend on direction [61]. It
is known [62] that its partition function and hence its equilib-
rium properties can be mapped to the 1D quantum Ising model
in a transverse field [63], and the investigations on the latter
as a quantum working fluid [64,65] motivate us to consider
the properties of this classical model as well. The model can,
for example, be implemented with silicon, where the spins
map to the tilt of silicon dimers on the surface [66]. Since
energy-wise, the quadrants are equivalent, we concentrate on
the first quadrant here and only consider J,, J, > 0 as in the
main plot of Fig. 3.

First, for infinite stroke durations—we use the term On-
sager cycle to denote this limit—we can obtain all energies
by computing suitable derivatives of the partition function,
as we discuss in Appendix C. Numerical optimization then

C
I L
2.5
2
B =

1.5 2 2.5 3

B Jx

FIG. 3. Contour plot of the equilibrium energy per spin of the
Ising model (17) in the first quadrant J,,, > 0 with phase transition
(18) marked red. The dots mark the points of the Onsager cycle in
equilibrium with the cold reservoir (A) or with the hot reservoir
(C), where parameters J;” and Jj have been optimized for a fixed
ratio of B, = 36, to maximize work extraction (green circles) or to
maximize cooling of the cold reservoir (purple squares). The purple
C-square can be significantly shifted vertically without changing
the cooling performance. For optimal performance, different phases
of the working fluid need to be explored. The inset sketches an
exemplary equilibrium configuration for all quadrants.

yields the parameters J;,, that are optimal for work extraction
or cooling in one Onsager cycle. As in the Onsager cycle,
points A and C correspond to exact equilibrium states; we
display these points in Fig. 3, where we see that for optimal
performance, the working medium has to explore different
phases. We also mention that the optimum for work extraction
is pretty narrow, but the optimal value for cooling (purple C-
square in Fig. 3) can be moved vertically without substantial
changes to the Onsager cycle performance (its optimal J,-
value is presumably at infinity). The optimal Onsager cycles
are depicted by the orange dots and black lines in Fig. 4, where
one can see that the orientation of the cycle for cooling is
opposite to the orientation for work extraction.

Second, for finite-time cycles, none of the cycle points
correspond to exact equilibrium states. Nevertheless, by com-
puting trajectories (see Appendix D), we can also obtain
solutions of rate equations. In contrast to the two-level sys-
tem with energy differences +w,, already single spinflips
allow for nine different system energy changes per jump 2 €
{£@&Jy +4J7), £(4J) — 4J)), £4J7, £4J, 0} that enter the
coarse-grained rates (6). For each system energy change 2
we can also compute the associated average reservoir energy
change (7). To model the relaxation technically, we determine
the associated waiting times and perform jumps such that, on
average, the solution of the rate equation is reproduced (see
Appendix D). After an initial rather long equilibration with
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FIG. 4. Onsager cycles (black with orange dots) and finite-time
trajectory realizations for 100 cycles of a 100 x 100 Ising spin work-
ing fluid and varying dissipative stroke lengths t (red, blue, brown,
orange), with an initial equilibration time with the cold reservoir
[Ty = 10° in the weak coupling regime I', 8, = 0.01. The length
of the side-bars denotes the corresponding reservoir energy change
in the reservoir, with error bars on the top indicating an increase
and error bars at the bottom a reduction. Snapshots framed with the
trajectory color show the working fluid state in the last cycle during
A — Bor C — D, respectively. Top: Work extraction cycle for opti-
mized parameters in the Onsager cycle of 8,J; = /ShJ;' =0.1837 and
Bt = BpJ! = 0.3760. For work extraction, the energy uptake from
the hot reservoir must exceed the energy loss to the cold reservoir
(black, red, blue, brown). In the weak-coupling regime and for suffi-
ciently large stroke times, the corresponding reservoir energy change
is roughly minus the energy change of the system (i.e., control work
is negligible). The fastest cycle (orange) is dysfunctional: On aver-
age, more heat is dissipated into the cold reservoir than is obtained
from the hot one. Bottom: Cooling for optimized parameters in the
Onsager cycle of B,J = fJ; = 0.1105 = B!, and ,8,,];1 = 3. The
cold reservoir is cooled when heat is taken out of the cold reservoir
during D — A. Only the slow cycles are operational (black, red, blue,
brown), whereas the fastest is not (orange), as the cold reservoir is
actually heated.

the cold reservoir, the Otto cycle protocol is repeated for 100
cycles. In Fig. 4, we see that the trajectories (red, blue, brown,
and orange) converge into a limit cycle that is, for fast cycles,

significantly smaller than the Onsager cycle. Furthermore, one
also sees that convergence to the limit cycle requires more
cycles for short stroke durations (orange) than for long stroke
durations (red). For slow cycles (red), the working fluid state
is close to the expected equilibrium state (red-framed snap-
shots) at points A and C, respectively, whereas for very fast
cycles (orange- and correspondingly framed snapshots), the
differences between A — B and C — D are hardly visible. To
assess the actual performance of the cycle, one has to consider
the true heat taken from the reservoirs (7). Its average value
over the 100 cycles is indicated by the side bars in Fig. 4, with
their length denoting the energetic change, and where error
bars at the top indicate an energy increase and error bars at
the bottom an energy decrease of the corresponding reservoir.
From that, we see, e.g., from the lengths of the orange sidebars
in the top panel of Fig. 4 that more heat is dissipated in the
cold reservoir than is taken from the hot one. Thus, to run the
cycle that fast, the necessary control work overturns the work
extracted (which we get from the system perspective only).
An analogous failure is observed for the fast cycle aimed at
cooling (orange curve in the bottom panel), where the invested
control work on average leads to slight heating of the cold
reservoir.

These findings motivate us to include the control work (8)
of coupling and decoupling into the discussion and to study
the cycle performance as a function of stroke duration. In
Fig. 5, we contrast the FGR treatment (blue, based on FGR
rates (4) with standard work (2) and heat (3) definitions),
the apparent coarse-grained treatment (black, using coarse-
grained rates (6) but still standard work (2) and heat (3)
definitions), and the net coarse-grained treatment (red, using
rates for system (6) and reservoir changes (7) with net work
(9) and net heat (10) definitions), for both the power extraction
(top panel) and cooling current (bottom panel). Qualitatively,
the results are quite analogous to those of Fig. 2, and the
involved energies per spin as well as the timescales are com-
parable. The relevant net work and net cooling current both
show a pronounced maximum at I't & 5, for too slow cycles,
the net performance goes to zero, and for too fast cycles are
simply dysfunctional. We also mention that the discrepancy
between red and other curves would become larger for larger
system-reservoir coupling strengths. For example, already for
I'y,B, = 0.1, none of the cycles would be functional when the
net work/heat is considered (not shown). Furthermore, we also
see that the error bars of the Ising model are significantly
smaller than the error bars of the two-level system. This,
however, is just due to the significantly larger system: If we
considered 10* independently operating two-level systems,
we would have to rescale the error bars from Fig. 2 by 1072,
and the errors would become comparable. Finally, we think
that the increase of error bars in regions of reduced currents
for fast strokes is just due to bistable behavior [67]: Some
cycles will yield a positive output, others a negative one,
which naturally goes along with increased variance.

V. CONCLUSIONS

The main purpose of our study was to investigate the use of
a 2D Ising model as a quantum working fluid in a finite-stroke
heat engine. Although the working fluid explores different
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FIG. 5. Engine performance per cycle time versus different
stroke durations in the limit cycle regime (error bars denote the
statistical error obtained from 100 cycles after an initial relaxation
protocol of Nt cycles with N2iI't > 100). Blue curves just use
Fermi golden rule rates independent of the cycle time, black curves
use stroke-time-dependent rates but neglect the control work spent,
whereas red curves use coarse-grained rates and include the control
work for coupling and decoupling. A realistic assessment (red) leads
to a significant loss in cycle performance. Top: Extracted power
for BJ¢ = BuJy = 0.1837 and Bt = ,8;,];,’ = 0.3760. Bottom:
Cooling current for B,J¢ = B,J5 = 0.1105 = BuJ! and B,Jh =3.
Other parameters (identical for both plots): 8. = 38, B,[', = 0.01,
Bis, = 10°.

phases for optimal performance, a frictionless drive does not
induce critical slowdown, and the resulting cyclic operation
shows characteristics that are similar to an uncritical two-level
system.

Additionally, we pointed out the importance of assessing
reservoir energetic changes in finite-time cyclic quantum heat
engines. For finite times, even in the weak-coupling regime
and for frictionless working fluids, an analysis of quantum
Otto cycles taking the control work contributions into account
reveals the existence of an optimal stroke duration time. When
cycles are driven much faster, the control work spent on cou-
pling and decoupling to reservoirs exceeds the gain. Also,
for slower cycles, (net) zero energy transitions may lead to
additional reservoir heating.

We observed these effects for finite-time cycles already in
the weak-coupling regime. In the regimes of stronger system-
reservoir couplings, the control work can be expected to
become even more relevant [68,69]. Exactly solvable models
[70] may prove useful to calibrate the theoretical methods in
this regime, which is an interesting field of further research.
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APPENDIX A: TWO-LEVEL SYSTEM

1. Infinitely slow cycle

For infinitely long equilibration times, the states at points
A and C of the cycle will just be thermal ones. The parti-
tion function Z(B) = 2 cosh(Bw/2) yields the energy Ey =
-5 tanh(’%‘”) in a thermal state at inverse temperature 8. We
can calculate all energies along an idealized cycle

E4 = ——tanh

Ep —ﬂtanh <ﬁ€ C),

Ec

I

|

|
-+
&
=
=

Ep (AL)

Il

|
0| §

-+

f<+)

=

=
e

=
[\o)

S
~

where E4 and E¢ just correspond to the thermal expectation
values, and where we have due to the simple structure of the
Hamiltonian, deduced the other energies from Ep = %EA and
Ep = i—Ec From this, we in turn obtain the extracted work
and the heat entering from the cold reservoir as in Eq. (15)
in the main text. The heat entering from the hot reservoir
becomes

AQh FGr = % [tanh ('BL;)‘) — tanh ('thwh )} . (A2)

For the extraction of work, it follows that the efficiency
isn=(-— %;)@(AW) < Ncamot, Where the last inequality
follows by case distinction: When w;, > ., we have to fulfill
Bew. > Brwp, such that the extraction of work is enabled
when o, € [w,, a)cg—;]. To the contrary, when w;, < w., we
would also reqire .o, < Brwy, which can for negative w, be
achieved as w;, € [a)cﬂ—;', we].

To cool the cold reservoir, we have to invest work, leading
to a coefficient of performance xk = AQ./(—AW)O(AQ,.) =
ﬁ@(AQC). The additional constraint that heat should be

we

extracted from the cold reservoir leads for w, > 0 to cooling
in the window wy, € [B.®./Bn, 00), or for w. < 0 to cooling
in the window wy, € (—o0, B.w./Bn]-
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Thus, we always have w,w, > 0 for cooling or work ex-
traction, and level crossings (with w,w. < 0) would not allow
the extraction of work or cooling of the cold reservoir with the
cycle operation.

2. Finite-time cycles

When we do not quench through a crossing during A — B
or C — D (as necessary for useful function), a system start-
ing in an excited state will remain so during the isentropic
quenches. For the finite-time dissipative strokes, the two prob-
abilities P, for being in the excited state and P— = 1 — P, for
being in the ground state will thus obey (excitation rate R4
and deexcitation rate R can, in principle, still depend on the
stroke duration)

P, =R\P_—RP,, P_=-P,, (A3)

which can be directly solved

P+(t) — e_(RT+R¢)IP3 + RT (l _ e—(R¢+R¢)t).

R, + Ry
This allows us to construct the full time-dependent solution
by concatenating the above evolution along the dissipative
strokes with constant populations along the unitary strokes
and for alternating thermal reservoirs. For example, when
Pfyn(t) denotes the probability to be in the excited state (+4)
during the stroke D — A in the n-th repetition of the cycle,
it follows from the constant populations during the unitary
strokes that the initial occupation of each (dissipative) stroke
is given by the final occupation of the previous (dissipative)
stroke

P¢L0) =P} (w), P}, (0)

When the system reaches a limit cycle, we may drop the index
n, and the above two equations constitute a linear system
that can be solved for the limit cycle probabilities (overbars)
Pt =1lim,_. o P{ ,(7.) and P{ = lim,_, o PS, (7;). For exam-
ple, setting the duration of the dissipative strokes equal 7, =
7, = T, the limit cycle probabilities are obtained by solving

= PS¢ (). (A4)

e RS ‘
pA — o~ (Ri+R)T pC 4 t (1 _ e—(R‘T-&-Ri)r)
+ + c c >

R{ + R}
h
Ry

pC — e—(R?Jer)rPA +
* R + R}

_(R' LR
+ (1 — e ®HHRDT) - (AS)
where R% and RY are the excitation and decay rates when
coupled to reservoir v, respectively. From these, we can then
compute the system energies at all points of the limit cycle via

Ex= S0P -1 Ep= 2P - 1)

Ee = %[2155 1, Ep= %[2155 —11, (A6)

and from that we find that the apparent work (2) per limit
cycle and the heat entering the system (3) via the cold ther-
malization stroke, respectively, are limited by the difference
of excited state populations via

AW = (P{ = PD)(wh — o), AQ. = (P — PD)w. (AT)

3. Fermi golden rule rates

In the specific case where the rates are independent of the
cycle time given by R% =TIf, Rj =TI -7, R’% =T f,
and Rﬁ =T(1 — f,) with f, = [e#* 4+ 1], we obtain that
work and transferred heats are all reduced by the same factor
as in Eq. (16) in the main text

r
0 < tanh <§) <1, (A8)

such that efficiency and coefficient of performance would just
remain the same. This factor shows that for very large cycle
times, the previous results are recovered, but in this limit,
the power (work by cycle time) and also the cooling current
(heat per period by cycle time) will drop to zero. Additionally,
constant rates would suggest that to maximize power, it would
be much more favorable to operate in the regime where 't «
1, where the power roughly approaches P = %AW, and the
cooling current approaches J. ~ %AQC. For this limit, we can
also calculate the second moment of the work

(AW?) = ((Ex — Eg + Ec — Ep)*)

(-2 -2

= (o — ©)*/2
+ (1 - ﬂ) (1 - &>(EAEC + EcEq).
We wp

(A9)
Eventually, this also yields the second cumulant of the work

2(e"" — D(oy — we)?

AW?)) = . —2f.
( ) Lt e) fe + Jo — 2fcful
(1 —e (1 + ™) (W) — o)
(1+el7y

X [fe(l = fo) + fu(l = fi)l,

which is always positive and for slow cycles I't —
oo approaches ((AW?)) — (@ — w)PLfoll — fu) + fil —
)], which is just the result that one would get by treating the
energies at A and C as statistically independent, such that their
cumulants add up. As a further sanity check, we also mention
that when converting this into the error of the power, this also
matches the blue error bars obtained from trajectories in the
top panel of Fig. 2.

(A10)

4. Finite-time rates

We can repeat the above analysis for realistic coarse-
grained rates (6), from which by exploiting symmetries of
the Fermi function f,(w) = [¢#® 4+ 117! we can write the
excitation and deexcitation rates as

ot T . (0 —w))T
RT =/‘Fv(w)f.,(a))Esmcz|:T:|dw,

—w,)T

RV —/r (@)Lsinc?| LT |y — R (AL
o o 2 L
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which explicitly depend on the stroke duration 7. Assuming
for simplicity equal stroke durations, the wide-band limit
I, (w) =T,, and also equal coupling strengths I' = Ri” +
R*'f to the reservoirs, we obtain for the apparent work per
cycle and apparent heat uptake from the cold reservoir

R =R (@ — o)

. I't
(AW)L, = - h{= )

. R =R It
(AQ:) oy = ftanh 5 ) (A12)

which shows that for very short cycle times, both quantities
scale quadratically in 7, such that also the power and cooling
current will tend to zero for very short stroke durations 7 (such
a turnover would become visible in the lower panel of Fig. 2
for even shorter stroke times).

For finite cycle times 7, the system energy changes do not
correctly reflect the energetic changes of the reservoir. Instead,
when coupled to reservoir v, the system undergoes the energy
change Q € {—w,, +w,}, the actual associated energy change
(7) of the reservoir would be

_Joelv@f (@)= sinc?[ =2 ]dw
I To(@) fol@) L sin?[ =2 ]do

which for T — oo becomes —€2. Thus, even a system under-
going no net transition at all (e.g., after one excitation and one
de-excitation) will lead to heating of the reservoir. To get the
average net work extracted or average net cooling heat along
the limit cycle, we have to sample over possible trajectories
(compare Appendix D) with the coarse-grained rates and track
the average reservoir energy changes accordingly, compare
the red symbols in Fig. 2. The net result is that for T — 0,

J

AELT = . (A13)

fewer transitions per cycle happen and even for a low temper-
ature reservoir excitation processes become just as likely as
deexcitation processes: No work can be extracted, no reservoir
can be cooled, and all cycles are dysfunctional.

APPENDIX B: COARSE-GRAINED TRANSITION RATES

1. General derivation

For finite stroke times t and weak coupling strengths, time-
dependent perturbation theory tells us that the system-bath
density matrix can, for an interaction H;, be written as (bold
symbols indicate the interaction picture)

t+t
pt+1)=p@)— 1|:/ dnHy(t), p(l)}
t+t
4 / dtvdaHy(1)p(OH; (1)
t+t
—/ dt1dt,O(t; — t)Hy(t ) Hy(t2)p(1)
t+t1
- / dtydt,®(t, — t)p(t)Hy(t1)H[(12). (B1)

Thus, under the usual assumptions (specifically, assum-
ing that at the beginning of the dissipative strokes p(¢) =
ps(t) ® pp with [pp, Hg] = 0, writing furthermore the inter-
action Hamiltonian with hermitian system and bath coupling
operators as Hy (1) = ), Sa(t) ® By (1), the correlation func-
tion as Cyg(ty — 1) = Tr{By(t1)Bg(t2)pp}, and assuming that
Tr{B,(t)pg} = 0), the propagated system density matrix
becomes

+t
ps(t + 1) =ps(t) +/ dndt an,s(fl —1)[Sp(t2)ps(t)Sa(t)

of
— Ot — 12)8a(t1)Sp(12)ps(t) — Otz — 1) ps E)Sa(t1)Sp(12)]. (B2)

In general, the associated coarse-grained dissipator £, defined by £, ps(?) = M need not decouple the evolution of

populations and coherences in the system energy eigenbasis. Specific system-reservoir interactions may however lead to such
a decoupled evolution. For example, under the plausible assumption that each spin (ij) of a 2D spin working fluid (17) hosts
a single spinflip coupling operator S, — S;; = o7 to its separate reservoir Cyg(7) — Cp,i;(T) = 81;i8¢;C;;(v) with correlation
function as detailed below in Appendix B 2, it follows that for any two system energy eigenstates |a) and |b) and for an initially
diagonal state ps(t) = D _. ps(¢)|c){(c|, one has for the time-evolved matrix elements pgh (t + t) = (a|ps(t + 7)|b) the relations

~iEa~Epg)(t1—12) FF

1+t
P00+ T = b0+ 8 [ dndny Y Gt~ e P
t

ij

_ e+i(Ea_EF[‘; )G} —lz)pga(t)]’ (B3)

where |F}) = o;;]a). In other words, in this case, initially diagonal density matrices p(7) remain diagonal at time ¢ + 7, which
justifies our second main assumption in the main text.
From the above considerations, we can also calculate the change in the system energy

AEg = Eg(t + 1) — Eg(¢)

t+7
= / dtidt anﬁ(tl — )Tr{[Sa(t1)HsS(12) — Oty — 1)HsS«(11)Sp(t2) — Otz — 11)S«(11)Sp(12)Hslps(1)}. (B4)
t «p
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Representing the system coupling operators in the energy eigenbasis Sq(1) = Y, S%|a) (b|e'~E»)" and assuming that p(t) =
>, pe(t)|a)(al is initially diagonal in that energy eigenbasis, we eventually obtain the expression

8B = T3 [ dndaCupy — sy e, — B o

ab af

= 1(E, — E)R, ,pd (1),

T . (Ea Eb CL))‘L'
= E S”bS /d a —sinc?| —4——
R, = Y, 5(a))2 sinc >

= / R, (w)dw,

where we have inserted the Fourier transform y,g(w)

(BS)

= f Cup (1)eti®Tdt and the effective transition rate R’ ,—equivalent to

the coarse-graining approach with coarse-graining time t [55]. For large T — oo, this approaches the Fermi golden rule limit

R, =5 S Si*Vap(Eqa — Ep) that satisfies detailed balance R}°, ,

the rates scale 11nearly inT.

- —B(E,—E,) poo L
= ¢ PEEDR> " and for short coarse-graining times,

Under analogous assumptions, we can also calculate the evolution of the bath energy

AEp = Ep(t + 1) — Ep(1)

+7
=% [ dndn[Trs[Sut)ps0)8502) | T o8 1)

— O(t) — 1) Trs {Sa(11)Sp(t2)ps(t) } Try
— Ot — 11)Trs{ ps(1)Sa(t1)Sp(12) } Tr

{HpB.(1))Bg(1) 5}
8{HpPsBa(1)Bs(12)}]

1+t
= Z/ dtdty Trs{S«(t1)Sp(12) ps ()} Tra{[Bu(t1), HplBg(t2)pp}

— ZZ/ dt]dt SabSba i(E,—Ep)(t)—12) aa(t)l aﬁ(tl _ )

ab apf
fwlé;_)b(a))da)
=) T RE (D). (B6)
ab a—b

Here, the rate R;_) »(@) could be interpreted as a conditional
probability density of a reservoir energy change of 4+ whilst
the system undergoes an energetic change E;, — E,. We em-
phasize that for finite 7, one has in general AEp # —AE;.
Only for infinitely long dissipative strokes, one recovers this
equivalence as [ wR® ,(w)dw = —(E, — E,)R®,,. Rather,
AEg + AEp should be regarded as control work that always
has to be invested to keep the cycle running, such that this
contribution should be considered when analyzing the effi-
ciencies or coefficient of performance of finite-time cycles.
Furthermore, the energy-resolved rates satisfy the relation
b—)(l( (z)) = e_ﬁchrzeb(—i_a))'

Alternatively, we can use methods of full counting statistics
[72] to define a moment-generating function for the change of
the reservoir energy

M(x, ) =Tr{U n(t)pst) ® psU ", (1)},

ZUnp() = —ie™ P H e XU o (1), (BT)

from which moments of the change of the reservoir en-
ergy can be obtained by suitable derivatives ((Hp — Eg " =

(

(=19, )"M(x, T)ly=0. Upon a second-order expansion in the
interaction, we can write it in terms of a shifted correlation
function

t+t1
MG =1+Y / dndiyTe{Sa(t)S 51205 (1))
apf t
X [Copty — 1y — x) — Cop(ts — 12)], (B3)

and the insertion of the Fourier transform allows, under the
same assumptions on pg(?) as before, to write it as

MG =1+ [ doRe_ x>~ Do

which shows that indeed RZ_}b(w) can be interpreted as a
conditional probability density of energy increase w in the
reservoir whilst the system undergoes the transition a — b.
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2. Specific example

We can make these considerations more explicit for single-
spinflip coupling operators (one for each spin «)

By =) 10y, (BY)
k

X
Sy =0y,

and a spin-local reservoir of two-level systems Hp =

Yoo 2k 3%0f,, where for a canonical equilibrium state pp =

pH . .
‘fﬂf,B}, we find for the correlation function

Tr{e
Cap(t) = bap / RN SO i g,

2

flw) =

o 1" (B10)
Above, we have analytically continued the reservoir spec-
tral function I'(w) =27 ), tkza(S(a) — wry) = '(—w) as an
even function to the complete real axis. This implies that
the Fourier transform of the correlation function is yyg(w) =
8upT (w)[1 — f(w)]. As the system energy eigenbasis is the o2
eigenbasis, the rates (B5) become

R, = S sy f doT (@)1 — f(w)]

T . L (Ea—Ey—w)T
X —sinc”| ——— |,
2 2

14
which—with f(-w)=1— f(+w) and 6,_pj/2,1 enforcing
single spin flip energy differences—is equivalent to Eq. (6).

(B11)

3. Generic properties of coarse-grained rates

For T — oo we recover from Eq. (6)—by using the identity

. T . L[(Q-w)r
lim —sinc [T] =45(Q — w), B12)

T—>00 27T

and further f(—w) =1 — f(w)aswellas'(—w) = I'(+w)—
the FGR rates (4) that satisfy detailed balance. For finite ,
however, detailed balance is not obeyed in general.
Nevertheless, in the wideband limit I'(w) — I' (e.g., take
8, — oo in Eq. (5) to obtain that limit) it follows that
AR =R}, —R"
I't
2
x [sinc?((w — )7/2) — sinc’((w + Q2)7/2)]

dof(®)

't . 9
E/dw[Zf(w) — 1]sinc”((w — Q)7 /2)

= —;—;/dwtanh(ﬂw/Z)sincz((w —Q)r/2), (B13)

from which, from symmetry arguments, one can deduce that
this is negative when Q > 0, i.e., energy-decreasing transi-
tions are favored. For highly peaked and specifically tuned
spectral functions, however, finite-time couplings may favor
population inversion, which has been proposed for perfor-
mance increases of heat engines at fast strokes [37].

To compute the actual heat transfer from the reservoir, we
have to consider the energetic change of the latter.

APPENDIX C: ONSAGER CYCLE

The partition function per spin for the 2D anisotropic Ising
model (17) is due to Onsager (cf. Eq. (108) from Ref. [60])

LZB) 1T /
n—-=—— do, dob, In[cosh(28J,) cosh(28J,)
2 27'[2 0 0 ° :
— sinh(28J) cos(6y) — sinh(28J,) cos(6,)].

(CI)

Also, a single-integral representation is possible, but may suf-
fer from numerical instabilities for J,J, < 0. By acting with
suitable derivatives on the integrand, we obtain integral rep-
resentations of expectation values of some observables X =
20505, jandY =3 . 0507, in thermal equilibrium

X) = %3& Inzp), (¥)= %81‘, InZ(p),

which can be eventually evaluated numerically. With regard to
the idealized (infinite relaxation time) quantum Otto cycle in
the main text, this implies for the points at thermal equilibrium

Ex = (Ho)y = —J3(X)a = J (Y )a,

Ec = (Hp)c = —J}(X)c — T} (Y)c. (€3)

As for the quenches we consider here, the state does not
change during the transitions A — B and C — D, and we can
also compute the other energy expectation values

Ep = (Hp)y = —J}(X), — T} V)4,
Ep = (H.)e = —J(X)c = I (V)e. (C4)

APPENDIX D: COMPUTATION OF TRAJECTORIES

The state o of a 100 x 100 spin lattice may assume 2'0%%0
different configurations. The direct solution of such high-
dimensional rate equations for probabilities P,

PUZZ[Ra%a o’

thus easily exceeds computational capabilities even when the
(coarse-grained) transition rates R,_., > 0 are restricted to
single bitflips. Therefore, we resort to trajectory solutions
composed of jumps between different states, that on average
reproduce the probabilities. The trajectories are constructed as
follows: Being in state ¢ at time ¢ we compute a waiting time
7, for remaining in that state. To obtain the proper statistics
dictated by the transition rates, the waiting time is sampled
from a uniformly distributed random number r € [0, 1]:

T, = ﬂ (D2)

oo Koo

After propagating time ¢ — ¢ + 7, a jump is performed to a
different state 6" # o with the conditional probability

Ro—o'Fs], (DD

Ra—>o”
2540 Rosor

Compared to the direct solution of the rate equation, this
yields a tremendous reduction in storage, as only the spin

PJumP —

o—ao’ T

(D3)

014122-11



S. P. KATOORANI et al.

PHYSICAL REVIEW E 112, 014122 (2025)

configuration o needs to be stored. For large spin systems,
already single trajectories may give good indication for the
average behavior. Additionally, we exploit the translational
invariance of the lattice to speed up the computations by
applying a procedure known as N-fold way [73]: We dynam-
ically classify all spins on the lattice according to the con-
figuration of their nearest neighbors into 3 - 3 = 9 different
classes for which (17) leads to distinct energy changes upon

single spin flips. The sum over all possible transition rates can
then be simplified by realizing that the rates for all members
of such a class are identical. Furthermore, the question of
which jump to perform (i.e., which spin to flip eventually)
can be broken down to which type of spinflip process (which
class) should occur and then flipping a random representative
spin of that class (locally updating its class and that of its
neighbors).

[1] F. Binder, L. A. Correa, C. Gogolin, J. Anders, and G. Adesso
(eds.), Thermodynamics in the Quantum Regime — Fundamen-
tal Aspects and New Directions, volume 195 of Fundamental
Theories of Physics (Springer, Cham, 2019).

[2] L. M. Cangemi, C. Bhadra, and A. Levy, Quantum engines and
refrigerators, Phys. Rep. 1087, 1 (2024).

[3] A. U. C. Hardal and O. E. Miistecaplioglu, Superradiant quan-
tum heat engine, Sci. Rep. 5, 12953 (2015).

[4] R. Uzdin, Coherence-induced reversibility and collective oper-
ation of quantum heat machines via coherence recycling, Phys.
Rev. Appl. 6, 024004 (2016).

[5] J. Jaramillo, M. Beau, and A. del Campo, Quantum supremacy
of many-particle thermal machines, New J. Phys. 18, 075019
(2016).

[6] W. Niedenzu and G. Kurizki, Cooperative many-body enhance-
ment of quantum thermal machine power, New J. Phys. 20,
113038 (2018).

[7]1 M. Kloc, P. Cejnar, and G. Schaller, Collective performance
of a finite-time quantum Otto cycle, Phys. Rev. E 100, 042126
(2019).

[8] G. Watanabe, B. P. Venkatesh, P. Talkner, M.-J. Hwang, and A.
del Campo, Quantum statistical enhancement of the collective
performance of multiple bosonic engines, Phys. Rev. Lett. 124,
210603 (2020).

[9] M. A. Macovei, Performance of the collective three-level quan-
tum thermal engine, Phys. Rev. A 105, 043708 (2022).

[10] L. da Silva Souza, G. Manzano, R. Fazio, and F. Iemini, Col-
lective effects on the performance and stability of quantum heat
engines, Phys. Rev. E 106, 014143 (2022).

[11] D. Kolisnyk and G. Schaller, Performance boost of a collective
qutrit refrigerator, Phys. Rev. Appl. 19, 034023 (2023).

[12] M. Campisi, P. Hidnggi, and P. Talkner, Colloquium: Quantum
fluctuation relations: Foundations and applications, Rev. Mod.
Phys. 83, 771 (2011).

[13] R. Kosloft and A. Levy, Quantum heat engines and refriger-
ators: Continuous devices, Annu. Rev. Phys. Chem. 65, 365
(2014).

[14] A.Levy and R. Kosloff, Quantum absorption refrigerator, Phys.
Rev. Lett. 108, 070604 (2012).

[15] H. E. D. Scovil and E. O. Schulz-DuBois, Three-level masers
as heat engines, Phys. Rev. Lett. 2, 262 (1959).

[16] K. Szczygielski, D. Gelbwaser-Klimovsky, and R. Alicki,
Markovian master equation and thermodynamics of a two-
level system in a strong laser field, Phys. Rev. E 87, 012120
(2013).

[17] S. Scopa, G. T. Landi, and D. Karevski, Lindblad-Floquet de-
scription of finite-time quantum heat engines, Phys. Rev. A 97,
062121 (2018).

[18] A. A.S. Kalaee and A. Wacker, Positivity of entropy production
for the three-level maser, Phys. Rev. A 103, 012202 (2021).

[19] A. A. S. Kalaee, A. Wacker, and P. P. Potts, Violating the
thermodynamic uncertainty relation in the three-level maser,
Phys. Rev. E 104, L012103 (2021).

[20] D. Kolisnyk, F. QueiBer, G. Schaller, and R. Schiitzhold, Flo-
quet analysis of a superradiant many-qutrit refrigerator, Phys.
Rev. Appl. 21, 044050 (2024).

[21] T. Feldmann and R. Kosloff, Performance of discrete heat en-
gines and heat pumps in finite time, Phys. Rev. E 61, 4774
(2000).

[22] T. D. Kieu, The second law, Maxwell’s demon, and work deriv-
able from quantum heat engines, Phys. Rev. Lett. 93, 140403
(2004).

[23] G. Marchegiani, P. Virtanen, F. Giazotto, and M. Campisi, Self-
oscillating Josephson quantum heat engine, Phys. Rev. Appl. 6,
054014 (2016).

[24] S. Seah, S. Nimmrichter, and V. Scarani, Work production of
quantum rotor engines, New J. Phys. 20, 043045 (2018).

[25] P. Strasberg, C. W. Wichtler, and G. Schaller, Autonomous im-
plementation of thermodynamic cycles at the nanoscale, Phys.
Rev. Lett. 126, 180605 (2021).

[26] Wilson S. Martins, F. Carollo, W. Li, K. Brandner, and I.
Lesanovsky, Rydberg-ion flywheel for quantum work storage,
Phys. Rev. A 108, L050201 (2023).

[27] J. Wang, J. He, and Z. Wu, Efficiency at maximum power output
of quantum heat engines under finite-time operation, Phys. Rev.
E 85,031145 (2012).

[28] A. Das and V. Mukherjee, Quantum-enhanced finite-time Otto
cycle, Phys. Rev. Res. 2, 033083 (2020).

[29] M. Campisi and R. Fazio, The power of a critical heat engine,
Nat. Commun. 7, 11895 (2016).

[30] A. Alecce, F. Galve, N. L. Gullo, L. Dell’Anna, F. Plastina,
and R. Zambrini, Quantum Otto cycle with inner friction:
finite-time and disorder effects, New J. Phys. 17, 075007
(2015).

[31] B. S. Revathy, V. Mukherjee, U. Divakaran, and A. del Campo,
Universal finite-time thermodynamics of many-body quantum
machines from Kibble-Zurek scaling, Phys. Rev. Res. 2, 043247
(2020).

[32] A. del Campo, J. Goold, and M. Paternostro, More bang for
your buck: Super-adiabatic quantum engines, Sci. Rep. 4, 6208
(2014).

[33] M. Beau, J. Jaramillo, and A. Del Campo, Scaling-up quantum
heat engines efficiently via shortcuts to adiabaticity, Entropy 18,
168 (2016).

[34] B. Cakmak and O. E. Miistecaplioglu, Spin quantum heat en-
gines with shortcuts to adiabaticity, Phys. Rev. E 99, 032108
(2019).

[35] A. Hartmann, V. Mukherjee, W. Niedenzu, and W. Lechner,
Many-body quantum heat engines with shortcuts to adiabaticity,
Phys. Rev. Res. 2, 023145 (2020).

014122-12


https://doi.org/10.1016/j.physrep.2024.07.001
https://doi.org/10.1038/srep12953
https://doi.org/10.1103/PhysRevApplied.6.024004
https://doi.org/10.1088/1367-2630/18/7/075019
https://doi.org/10.1088/1367-2630/aaed55
https://doi.org/10.1103/PhysRevE.100.042126
https://doi.org/10.1103/PhysRevLett.124.210603
https://doi.org/10.1103/PhysRevA.105.043708
https://doi.org/10.1103/PhysRevE.106.014143
https://doi.org/10.1103/PhysRevApplied.19.034023
https://doi.org/10.1103/RevModPhys.83.771
https://doi.org/10.1146/annurev-physchem-040513-103724
https://doi.org/10.1103/PhysRevLett.108.070604
https://doi.org/10.1103/PhysRevLett.2.262
https://doi.org/10.1103/PhysRevE.87.012120
https://doi.org/10.1103/PhysRevA.97.062121
https://doi.org/10.1103/PhysRevA.103.012202
https://doi.org/10.1103/PhysRevE.104.L012103
https://doi.org/10.1103/PhysRevApplied.21.044050
https://doi.org/10.1103/PhysRevE.61.4774
https://doi.org/10.1103/PhysRevLett.93.140403
https://doi.org/10.1103/PhysRevApplied.6.054014
https://doi.org/10.1088/1367-2630/aab704
https://doi.org/10.1103/PhysRevLett.126.180605
https://doi.org/10.1103/PhysRevA.108.L050201
https://doi.org/10.1103/PhysRevE.85.031145
https://doi.org/10.1103/PhysRevResearch.2.033083
https://doi.org/10.1038/ncomms11895
https://doi.org/10.1088/1367-2630/17/7/075007
https://doi.org/10.1103/PhysRevResearch.2.043247
https://doi.org/10.1038/srep06208
https://doi.org/10.3390/e18050168
https://doi.org/10.1103/PhysRevE.99.032108
https://doi.org/10.1103/PhysRevResearch.2.023145

FINITE-TIME PERFORMANCE OF A CYCLIC ...

PHYSICAL REVIEW E 112, 014122 (2025)

[36] R. Dann, R. Kosloff, and P. Salamon, Quantum finite-time ther-
modynamics: Insight from a single qubit engine, Entropy 22,
1255 (2020).

[37] V. Mukherjee, A. G. Kofman, and G. Kurizki, Anti-Zeno quan-
tum advantage in fast-driven heat machines, Commun. Phys. 3,
8 (2020).

[38] Camille L. Latune, G. Pleasance, and F. Petruccione, Cyclic
quantum engines enhanced by strong bath coupling, Phys. Rev.
Appl. 20, 024038 (2023).

[39] M. Wiedmann, J. T. Stockburger, and J. Ankerhold, Non-
Markovian dynamics of a quantum heat engine: out-of-
equilibrium operation and thermal coupling control, New J.
Phys. 22, 033007 (2020).

[40] K. Ptaszynski, Non-Markovian thermal operations boosting
the performance of quantum heat engines, Phys. Rev. E 106,
014114 (2022).

[41] M. Ishizaki, N. Hatano, and H. Tajima, Switching the func-
tion of the quantum Otto cycle in non-Markovian dynamics:
Heat engine, heater, and heat pump, Phys. Rev. Res. 5, 023066
(2023).

[42] 1. A. Picatoste, A. Colla, and Heinz-Peter Breuer, Dynamically
emergent quantum thermodynamics: Non-Markovian Otto cy-
cle, Phys. Rev. Res. 6, 013258 (2024).

[43] W. M. Itano, D. J. Heinzen, J. J. Bollinger, and D. J. Wineland,
Quantum Zeno effect, Phys. Rev. A 41, 2295 (1990).

[44] Y. Shirai, K. Hashimoto, R. Tezuka, C. Uchiyama, and N.
Hatano, Non-Markovian effect on quantum Otto engine: Role of
system-reservoir interaction, Phys. Rev. Res. 3, 023078 (2021).

[45] J. Rofinagel, S. T. Dawkins, K. N. Tolazzi, O. Abah, E. Lutz,
Ferdinand Schmidt-Kaler, and K. Singer, A single-atom heat
engine, Science 352, 325 (2016).

[46] G. Maslennikov, S. Ding, R. Habliitzel, J. Gan, A. Roulet, S.
Nimmrichter, J. Dai, V. Scarani, and D. Matsukevich, Quantum
absorption refrigerator with trapped ions, Nat. Commun. 10,
202 (2019).

[47] J. Klatzow, J. N. Becker, P. M. Ledingham, C. Weinzetl, K. T.
Kaczmarek, D. J. Saunders, J. Nunn, I. A. Walmsley, R. Uzdin,
and E. Poem, Experimental demonstration of quantum effects
in the operation of microscopic heat engines, Phys. Rev. Lett.
122, 110601 (2019).

[48] J. P. S. Peterson, T. B. Batalhdo, M. Herrera, A. M. Souza,
R. S. Sarthour, I. S. Oliveira, and R. M. Serra, Experimental
characterization of a spin quantum heat engine, Phys. Rev. Lett.
123, 240601 (2019).

[49] V. F. Lisboa, P. R. Dieguez, J. R. Guimardes, J. F. G. Santos,
and R. M. Serra, Experimental investigation of a quantum heat
engine powered by generalized measurements, Phys. Rev. A
106, 022436 (2022).

[50] J.-W. Zhang, J.-Q. Zhang, G.-Y. Ding, J.-C. Li, J.-T. Bu, B.
Wang, L.-L. Yan, S.-L. Su, L. Chen, F. Nori, S. K. Ozdemir,
F. Zhou, H. Jing, and M. Feng, Dynamical control of quantum
heat engines using exceptional points, Nat. Commun. 13, 6225
(2022).

[51] J. Koch, K. Menon, E. Cuestas, S. Barbosa, E. Lutz, T. Fogarty,
T. Busch, and A. Widera, A quantum engine in the BEC-BCS
crossover, Nature (London) 621, 723 (2023).

[52] T. Uusnikki, T. Morstedt, W. Teixeira, M. Rasola, and M.
Mobttonen, Experimental realization of a quantum heat en-
gine based on dissipation-engineered superconducting circuits,
arXiv:2502.20143.

[53] K. Shende, M. Kandpal, Arvind, and K. Dorai, Experimental
investigation of a quantum Otto heat engine with shortcuts
to adiabaticity implemented using counter-adiabatic driving,
arXiv:2412.20194.

[54] R. Kosloff and Y. Rezek, The quantum harmonic Otto cycle,
Entropy 19, 136 (2017).

[55] G. Schaller and T. Brandes, Preservation of positivity by dy-
namical coarse-graining, Phys. Rev. A 78, 022106 (2008).

[56] S. A. Gurvitz, L. Fedichkin, D. Mozyrsky, and G. P. Berman,
Relaxation and the Zeno effect in qubit measurements, Phys.
Rev. Lett. 91, 066801 (2003).

[57] N. Ahmadiniaz, M. Geller, J. Konig, P. Kratzer, A. Lorke, G.
Schaller, and R. Schiitzhold, Quantum Zeno manipulation of
quantum dots, Phys. Rev. Res. 4, 1.032045 (2022).

[58] A. G. Kofman and G. Kurizki, Acceleration of quantum decay
processes by frequent observations, Nature (London) 405, 546
(2000).

[59] G. Schaller and J. Ablalmayer, Thermodynamics of the coarse-
graining master equation, Entropy 22, 525 (2020).

[60] L. Onsager, Crystal statistics. I. A two-dimensional model with
an order-disorder transition, Phys. Rev. 65, 117 (1944).

[61] B. M. McCoy and T. T. Wu, The Two-Dimensional Ising Model,
(Harvard University Press, Harvard, 1973).

[62] John B. Kogut, An introduction to lattice gauge theory and spin
systems, Rev. Mod. Phys. 51, 659 (1979).

[63] S. Sachdev, Quantum Phase Transitions (Cambridge University
Press, Cambridge, 2011).

[64] G. Piccitto, M. Campisi, and D. Rossini, The Ising critical
quantum Otto engine, New J. Phys. 24, 103023 (2022).

[65] V. R. Arezzo, D. Rossini, and G. Piccitto, Many-body quantum
heat engines based on free fermion systems, Phys. Rev. B 109,
224309 (2024).

[66] C. Brand, A. Hucht, G. Jnawali, J. D. Fortmann, B. Sothmann,
H. Mehdipour, P. Kratzer, R. Schiitzhold, and M. Horn-von
Hoegen, Dimer coupling energies of the Si(001) surface, Phys.
Rev. Lett. 130, 126203 (2023).

[67] A. N. Jordan and E. V. Sukhorukov, Transport statistics of
bistable systems, Phys. Rev. Lett. 93, 260604 (2004).

[68] D. Newman, F. Mintert, and A. Nazir, Performance of a quan-
tum heat engine at strong reservoir coupling, Phys. Rev. E 95,
032139 (2017).

[69] D. Newman, F. Mintert, and A. Nazir, Quantum limit to
nonequilibrium heat-engine performance imposed by strong
system-reservoir coupling, Phys. Rev. E 101, 052129 (2020).

[70] A. Pozas-Kerstjens, E. G. Brown, and K. V. Hovhannisyan, A
quantum Otto engine with finite heat baths: Energy, correla-
tions, and degradation, New J. Phys. 20, 043034 (2018).

[71] S. P. Katoorani, C. Kohlfiirst, F. Queifler, G. Schaller, and R.
Schiitzhold, Figure data publication: Finite-time performance
of a cyclic two-dimensional quantum Ising heat engine, Rodare
(2025), http://doi.org/10.14278/rodare.3875.

[72] M. Esposito, U. Harbola, and S. Mukamel, Nonequilibrium
fluctuations, fluctuation theorems, and counting statistics in
quantum systems, Rev. Mod. Phys. 81, 1665 (2009).

[73] P. Kratzer, Multiscale Simulation Methods in Molecular Sci-
ences, volume 42 of NIC Series, chapter Monte Carlo and
Kinetic Monte Carlo Methods — A Tutorial, pages 51-76, John
von Neumann Institute for Computing (NIC), Jiilich Super-
computing Centre, Forschungszentrum lJiilich, 52425 IJiilich,
Germany, 2009.

014122-13


https://doi.org/10.3390/e22111255
https://doi.org/10.1038/s42005-019-0272-z
https://doi.org/10.1103/PhysRevApplied.20.024038
https://doi.org/10.1088/1367-2630/ab725a
https://doi.org/10.1103/PhysRevE.106.014114
https://doi.org/10.1103/PhysRevResearch.5.023066
https://doi.org/10.1103/PhysRevResearch.6.013258
https://doi.org/10.1103/PhysRevA.41.2295
https://doi.org/10.1103/PhysRevResearch.3.023078
https://doi.org/10.1126/science.aad6320
https://doi.org/10.1038/s41467-018-08090-0
https://doi.org/10.1103/PhysRevLett.122.110601
https://doi.org/10.1103/PhysRevLett.123.240601
https://doi.org/10.1103/PhysRevA.106.022436
https://doi.org/10.1038/s41467-022-33667-1
https://doi.org/10.1038/s41586-023-06469-8
https://arxiv.org/abs/2502.20143
https://arxiv.org/abs/2412.20194
https://doi.org/10.3390/e19040136
https://doi.org/10.1103/PhysRevA.78.022106
https://doi.org/10.1103/PhysRevLett.91.066801
https://doi.org/10.1103/PhysRevResearch.4.L032045
https://doi.org/10.1038/35014537
https://doi.org/10.3390/e22050525
https://doi.org/10.1103/PhysRev.65.117
https://doi.org/10.1103/RevModPhys.51.659
https://doi.org/10.1088/1367-2630/ac963b
https://doi.org/10.1103/PhysRevB.109.224309
https://doi.org/10.1103/PhysRevLett.130.126203
https://doi.org/10.1103/PhysRevLett.93.260604
https://doi.org/10.1103/PhysRevE.95.032139
https://doi.org/10.1103/PhysRevE.101.052129
https://doi.org/10.1088/1367-2630/aaba02
http://doi.org/10.14278/rodare.3875
https://doi.org/10.1103/RevModPhys.81.1665

